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SATORU FUKASAWA & TAKESHI TAKAHASHI 

Abstract. We study Galois points for a hypersurface A with dimSing(A) < dim A" — 2. The 
purpose of this article is to determine the set A(A) of Galois points in characteristic zero: 
Indeed, we give a sharp upper bound of the number of Galois points in terms of dim A and 
dimSing(A) if A(A) is a finite set, and prove that A is a cone if A(A) is infinite. To achieve 
our purpose, we need a certain hyperplane section theorem on Galois point. We prove this 
theorem in arbitrary characteristic. On the other hand, the hyperplane section theorem has 
other important applications: For example, we can classify the Galois group induced from a 
Galois point in arbitrary characteristic and determine the distribution of Galois points for a 
Fermat hypersurface of degree p e + 1 in characteristic p > 0. 



1. Introduction 

Let the base field K be an algebraically closed field of characteristic p > and let X C P n+1 be an 
irreducible and reduced hypersurface of dimension n and of degree d > 4 with s(X) := dim Sing(Y). 
H. Yoshihara introduced the notion of Galois point (see [3j El [101 HU H2])- If the function field 
extension K(X)/K(W n ), induced from the projection up : X --■» P" from a point P 6 P™ +1 , is 
Galois, then the point P is said to be Galois. In this paper a Galois point P means Galois point 
which is contained in the smooth locus X sm or P™ +1 \ X, except for Subsection 3.1. Let A(X) 
(resp. A'(X)) be the set of all Galois points contained in X sm (resp. P" +1 \ X). We are interested 
in the sets A(X) and A'(X). If p = 0, n = 1 and X is smooth, then Yoshihara determined the 
sets A(X) and A'(X) ([10]). If p > 0, n = 1 and X is smooth, then the first author determined 
in most cases ( [2J E] ) - If p = and X is a smooth quartic surface, then Yoshihara determined 
the set A(X) completely ([H]). If K = C, n > 2 and X is smooth, then Yoshihara gave sharp 
upper bounds on the cardinalities of A(Y) and A'(Y) ([H]). If p = and X is a normal quartic 
surface, then the second author determined the set A(X) ([9]). However, for a higher dimensional 
hypersurface with large singularities, there are few results. 

The purpose of this article is to determine the sets A(Y) and A'(X) for a hypersurface of 
dimension n with s(X) = dimSing(Y) < n — 2 in p = 0. We define the dimension of the empty 
set as —1. Our results are: 

Theorem 1. Let X C P™ +1 be a hypersurface of dimension n > 1 and degree d > 4 with s = 
s(X) < n — 2 in characteristic p = and let m — m(n, s) := [(n + s + l)/2] where [*] means the 
integer part of *. Assume that A(X) is a finite set. 
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(1-0) If d = 4 and s = — 1 then §A(X) < 4(m(n, s) + 1). The equality holds if and only if X is 
projectively equivalent to the hypersurface defined by 

X m+ \Xl + • • • + X 2m+ iXf n + X m+1 + • • • + x n+1 = 0. 

(1-1) // d = 4, s > and n + s is odd, then $A(X) < 4(m(n, s) - s - 1) + (s + 2). The equality 
holds if and only if X is projectively equivalent to the hypersurface defined by 
X m+ \X + • • • + X 2m -s-iX% l _ s _2 + X2 m - s (X m _ s _ 1 + • • • + X m ) 

+ X m+1 H I" X 2m-s-\ + aX 2m-s = 

w/iere a = or 1. 

(1-2) If d = A and s = and n is eijen i/ien j}A(X) < Am(n,s) + 1. T/ie equality holds if and 
only if X is projectively equivalent to the hypersurface defined by 

X m+l X l H I" ^2m+l^m + ^m+1 H ^ ^2m = 0- 

(1-3) If d — A and s = 1 and n + s is even i/ien f)A(X) < 4(m(n, s) — 1). T/ie equality holds if 
and only if X is projectively equivalent to the hypersurface defined by 

X m-l X + ' ' ' + X 2m-3 X m-2 + X m-\ + ' ' ' + X 2m-3 + G = 

where G E K[X2 m -2, X2 m -1, X n+ \] has a multiple component. 
(1-4) If d = 4, s > 2 and n + s is even, then $A(X) < 4(m(n, s) — s — 1) + (s + 2). Furthermore, 
the equality holds if and only if X is projectively equivalent to the hypersurface defined by 
one of the followings: 

(i) X m _ s XQ + • • • + X 2m -2s-lX^ n _ s _ 1 + Xf n _ s + • • • + ^2m-2s-l + G\ = 

where s — 2 and G\ E K[X2 m -2s, ■ ■ ■ ,X n+ \] has a multiple component; or 
(ii) X m+ iX^ + ■ ■ ■ + X2m-s-iXf n _ s _ 2 + X 2m -sXm_ s _i + A m - s X m - s ■ ■ ■ + A m Xm 

+Xm+1 H I" X 2m-s-l +G2 = 

where s > 2 and A TO _ S , . . . , A m ,G2 E K[X2m-s, X n+ i] . 
(II) If d > 5, i/ien flA(X) < m(n,s) + 1. Furthermore, the equality holds if and only if X is 
projectively equivalent to the hypersurface defined by 

X m +iXQ 1 + • • • + X2m-sX^ n ^ s _ 1 + A m - s Xf n ]; s + • • • + A rn Xf n 1 + G = 

where A m - Sl . . . , A m , G E K[X m+ i, . . . , X n+ i] are homogeneous polynomials with deg A TO _ S 
• • • = dcg A m = 1 and deg G — d. (Note that the polynomial A m _ s X m _ s + • • • + AmX^ 1 
does not appear if s = —1.) 

Corollary 1. Let A := [n/2] and let X C P" +1 be a hypersurface of dimension n > 1 and degree 
d = 4 with s(X) < n — 2 in characteristic p = 0. Assume that A(X) is a finite set. Then, 
t)A(X) < 4(A + 1). Furthermore, the equality holds if and only if X is projectively equivalent to 
the hypersurface defined by 

X\+iXq "I 1" X 2 \+iXl + X{ +1 H h X* +1 = 0. 

Theorem 2. Assume that p = 0, s(X) < n — 2 and A'(X) is finite. 
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(1) If s = —1, then JJA'(X) < n + 2. Furthermore, the equality holds if and only if X is 
projectively equivalent to the Fermat hypersurface. 

(2) If s > 0, then jJA'(X) < n — s. Furthermore, the equality holds if and only if X is 
projectively equivalent to the hypersurface defined by 

X« + --- + X? l _ s _ 1 +G = 

where G G K[X n - s , . . . , X n +i] has a multiple component. 

Theorem 3. Assume that p = and s(X) < n — 2. If the set A(X) U A'(X) is infinite, then 
X is a cone. Furthermore, there exist linear spaces Mi, M 2 C P n+1 with Mi n Af 2 = and an 
irreducible hypersurface Y C Mj satisfying the following conditions: (i) X — yjJMa; (ii) M 2 has 
the maximal dimension as a vertex of X; (in) the set A(V) U A'(y) is finite; and 

(iv) A(X) = (A(Y)$M 2 ) \ M 2 and A'(X) = (A\Y)$M 2 ) \ M 2 , 

where ft means a linear join of algebraic sets. 

To prove our Theorems, we need a hyperplane section theorem below. We denote by Gp(X) 
the Galois group induced from P if P is a Galois point for a hypersurface X. 

Theorem 4. Let X C P ,l+1 (n > 2) be an irreducible hypersurface of degree d > 4 with < 
s(X) < n — 2 (resp. s(X) — —1 ) in characteristic p > 0. Let P G P™ +1 be a Galois point for X . 
Then, the followings hold: 

(i) A general hyperplane H passing through P satisfies the following condition: 

(*) the hyperplane section Xh '■= X f~l H is an irreducible hypersurface in H = P ra of 
degree d with s(Xh) = s(X) — 1 (resp. s(Xh) = —1 ), and a general tangent space of 
Xh does not contain P. 

(ii) Let H be a hyperplane passing through P and satisfying the condition (*) . Then, the point 
P is Galois with respect to Xh . 

(iii) The Galois groups are isomorphic: Gp(X) = Gp(Xn) for any hyperplane H passing 
through P and satisfying (*). 

In fact, this Theorem will be used for the proof of Propositions [1] and [5] in Subsection 3.1. It 
is remarkable, as in these Propositions, that the birational transformation induced by a G Gp(X) 
can be extended to a projective transformation on P n+1 when p = 0. 

The hyperplane section theorem has other important applications. One application is to classify 
the Galois group. Combining Theorem 2] with a result on the structure of Gp(C) for a smooth 
plane curve C with a Galois point P obtained in [2], we have the following: 

Corollary 2. Let X C P™ +1 be a hypersurface of degree d > 4 with s(X) < n — 2 in characteristic 
p>0. Let P G X (resp. P G P™ +1 \ X) be a Galois point for X and d - 1 = p e l (resp. d = p e l ), 
where I is not divisible by p if p > 0. 

Then, I divides p e — 1 and the Galois group Gp is isomorphic to the semidirect product of 
(Z/j>Z)® e (as a normal subgroup) andljll (as a quotient). 
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Another application is to determine the distribution of Galois points for a Fermat hypersurfacc 
F n (q + 1) C P" +1 of degree <7+l>4inp>0 where q is a power of p. Homma [5] determined the 
distribution of Galois points for a Hermitian curve in P 2 , which is defined by X g Z+X Z q —Y q+1 = 0. 
Note that the Hermitian curve is projectively equivalent to Fi(q + 1) over ¥ q 2. We will generalize 
Homma's result. 

Theorem 5. A point P £ P n+1 i s Galois for F n (q + 1) if and only if P £ P n+1 is F q i -rational. 

Note that Theorem [5] implies that Theorems [1] and [2] do not hold in p > 0. In the final section, 
we give examples which are not cones and have infinitely many Galois points. Especially, Example 
[2] implies that Theorem [3] does not hold in p > 0. 

2. Proof of Theorem [4] 

In this section, X C P™ +1 is an irreducible hypersurface of degree d > 4 with s(X) = 
dimSing(A) < n — 2, otherwise specified. We denote by P™ +1 the dual projective space, which 
parameterizes hyperplanes in P n+1 . We denote by T X X C P n+1 the projective tangent space at 
x £ X sm . We have the Gauss map 7 : X sm — > p n + 1 ; x 1— > T X X. We note the following elementary 
fact: 

Note 1. A hyperplane H coincides with the tangent space T X X C P n+1 at a smooth point x £ X 
if and only if the scheme X n H is singular at x € A D if . 

Let Vp C F n+1 be the set of all hyperplanes which pass through P and let Sx C P™ +1 be the 
set of all hyperplanes which contain some irreducible component Y of the singular locus of X with 
dimY" = s(A). We have the following assertion of Bcrtini type in arbitrary characteristic (cf. the 
proof of [1 II, 8.18]). 

Note 2. Assume that < s(X) < n — 2 (resp. s(X) = —1). For any hyperplane H € Vp \ 
(7(A sm ) U Sx), the hyperplane cut Xh ■= X n i? is an irreducible hypersurface of degree d with 
s(A» = s{X) - 1 (resp. s(A H ) = -1). 

A point P € p n+1 is called a strange center if the tangent space T X X contain P for a general 
point x G X. 

Note 3. The projection irp : X — » P n is generically finite and separable if and only if P S p n+1 
is not a strange center. 

Now we assume that np is separable and generically finite onto its image. Then, the differential 
map dQirp : TqX — > T Wp (Q)P™ is isomorphic at a general point Q £ X, where TqX is the Zariski 
tangent space at Q. We denote by Up the maximal open set of A sm such that the differential map 
d Q ir P : T Q X -> T wp(Q) P™ is isomorphic for any Q e U P . We denote by E P C P n+1 the finite set 
consisting of hyperplanes H such that X n 7? is contained in A \ C/p (as a set) . On the other hand, 
we note the following: 

Note 4. If A n H is an integral scheme, then Tq(Xh) = TqA n H for any smooth point Q of 
A H . 
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Combining above Notes, we have the following: 

Lemma 1. Let A C P™ +1 be an irreducible hypersurface of degree d with < s(A) < n — 2 (resp. 
s(X) = —1). Assume that P is not a strange center. Then, we have the followings: 

(i) V P \ (>y(X m ) US X U E P ) + 0. 

(ii) Let H G Vp \ ("f(X sm ) U Sx USp). Then, H satisfies the condition (*). 

Now assume that P is a Galois point. Let Gp be the Galois group. Then, we find easily that 
P is not a strange center. Therefore, Vp \ (7(A sm ) U Sx U Ep) / as in Lemma 1. Then, we can 
consider a G Gp as a birational map from X to itself. Needless to say, a is defined and isomorphic 
at a general point of X. We denote by the maximal open subset U a such that a is defined and 
isomorphic over U a . It follows from a certain elementary lemma [H V. Lemma 5.1] that X \ U a is 
of codimension > 2. Therefore, we have: 

Note 5. For any hyperplane H &Vp\ {"f{X sm ) U Sx U Ep), Xh H U a is non-empty. 

We also define Uq '■= C\ a eG P Ua- We nave the following natural property in Galois extension 
(cf. III. 7.1]): 

Lemma 2. Let P be a Galois point. For any points Q G Uq and R G Up with ttp(Q) = np{R), 
there exists an element a G Gp such that cr(Q) = R. 

Proof. Assume that a(Q) ^ R for any a G Gp. We take a function / G f] a Oo-(Q) H Op such that 
f(a(Q)) ^ for any cr G Gp and /(i?) = 0. Then, we consider the function g = JT er*/. For any 
fj G Gp, we have fj*<7 = g. Therefore, we find that g G On P (R). Note that g G m„ p ^ because of 
7r| 3 m 7r (p) = mp by i? G J7p, where mp is the maximal ideal of the local ring of Op. This implies 
that 7^ g(^p(Q)) — ff( 7r p(^)) = 0. This is a contradiction. □ 

Proof of Theorem^ Assume that P is Galois. We have Theorem |4](i) by Lemma 1. Let do be the 
degree of the function field extension K (X) / irpK (F n ) . Let H be any hyperplane passing through 
P and satisfying the condition (*). Then, we consider a group morphism 

^H,P):G P (X)^G;a^a\x H 

where G = {a G Bir(Ap)|er(Ap n I) C X H R i for a general line I such that P 6 i C i?}. It 
follows from Note 5 that a is defined and isomorphic at a general point of Xh- We also find that 
ct(Xh) = Xh- Therefore, cf>(H,P) is well-defined. Now we prove that <p(H,P) is an injection. 
We assume that cr\x H — l &x H an( l G ^ x &x- Then, cr(Q) = Q for any Q G Ap. It follows from 
Lemma 2 that the cardinality Ap n I \ P is at most do — 1 for a general line Z in H containing P. 
If dim Ap = 1, then I is a tangent line of Ap by Bezout theorem. However, this is a contradiction 
with (*) . If dim Ap > 1 , then this is also a contradiction by taking some linear section of Ap and 
using Lemma 1. Since the order of G is at most do, <f> is an isomorphism. Therefore, P is a Galois 
point for Ap. We have (ii) and (iii). □ 

Remark 1. It seems to be already known that the assertion in Theorem |4] holds when p = 0, 
s(A) < and H G Vp is assumed to be general in (ii) (cf. 0, [HI Proposition 2.5], [E]). Yoshihara 
P3] also informed the first author an idea of the proof in this case. 
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3. Galois points for a normal hypersurface in characteristic zero 
In this section, we assume that p = 0. 

3.1. Preliminaries. Let X C P™ +1 be an irreducible and reduced hypersurface of degree d and 
P a point in P™ +1 . If P & X, then we define the multiplicity of X at P as 0. Let (X : X 1 : ■ ■ ■ : 
X n+ i) be a system of homogeneous coordinates, (x\, . . . , x n +i) = (Xi/X , X\/Xq, . . . , X n+ i/X ) 
a system of affine coordinates, and we assume that P = (0, 0, . . . , 0). Let F(Xq, X\, . . . , X n+ \) = 
be the defining homogeneous equation of X, and f(xi, . . . , x n+1 ) = F(l 

its dehomogenized polynomial, where fi is a homogeneous part of / with degree i. The multiplicity 
is equal to m if and only if f m ^ and /, = for any i < m. 

Lemma 3. Let < m < d — 1. The following three conditions are equivalent: 

(1) TO The multiplicity at P is ra, f m divides f m +i, and 

fm+l -( 4 - m >- y^)' (.=0,1,...,,-™-!, 

(2) m 5y taking a suitable projective transformation fixing the point P, the defining equation can 

be given by 

g m (xi, ■ ■ . ,x n+1 ) +gd(xi, ■ ■ -,x n+1 ) = 0, 

where g m and gd are homogeneous polynomials of degree m and degree d, respectively. 

(3) m The point P is of multiplicity m and Galois, and the birational map induced by a is a 

restriction of a projective transformation of¥ n+1 for any a G Gp(X). 

Furthermore, P is Galois and the Galois group Gp(X) is a cyclic group of order d — m, if one of 
the conditions holds. 

Proof. First let us prove the implication (l) m => (2) m . Since f m +i/((d—m)f m ) is a homogeneous 
polynomial of degree one, let us put h :— f m+ \/((d — m)f m ) = m\Xi + m 2 x 2 + • • • + m n+1 x n+1 , 
where mi, • • • ,m n+ i G K. Let X Q = X + h(X 1: . . . ,X n+1 ). Then, F(X -h,Xi,--- ,X n+1 ) = 
f m (X - h) d - m + ■■■ + f m+i (X - h) d - m -* + --- + f d . The coefficient F d - m -i of X^ m - 1 is 

^ Q \d-m- l J 

By using (l) m , we have 

— • - ±yr l C:: :i) (" 7) - ^ G - ™ m - ,) h-* © ■ 

Since X)l=o( — ^) fe (fc) = if z > 0, we have the assertion of (2) m . 

Now we prove (2) m => (l) m . Let be the projective transformation as in the condition (2) m 
and let tp be the inverse, and let Xi = tp*Xi for < i < n + 1. Then, by the assumption, 
<7m(^"i, ■ • • i X n+ i)X d ~ m + gd(Xi, . . . , X n+ i) = 0. Let be a matrix representing ip. Since 
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tp(P) — P, we may assume 

( 1 \ 

°1,0 a X,\ " ' ' a l,n+l 

A^ = 

Let g m (X , . . . ,^„+i) := g m (X , . . . ,X n+1 ), let gd(X , . . . ,X n+1 ) := gd(X , . . . ,X n+1 ) and h 
ai, n+ \Xi H h a n+1 , n+ iX n+ i. Then, we have F = g m (h + X ) d ^ m + g d and 

, _ „ fd-im> 

Jm+i — gm I 

V 1 

Therefore, f m +i/fm = (d — m)h and 

fd-m\ ( / m+ i Y (d-m\ /d-mV 4 

for i = 0, . . . , d — m — 1 . 

The proof of (2) m <t=> (3) m is the same as the proof for n = 1 (See [T31 Proposition 1], and also 
[BJ Proposition 4]). □ 

Below, we assume that s(X) < n — 2 and a Galois point is contained in X snl U (P' i+1 \ X). We 
have the following Proposition, by Lemma [3] and Theorem |4] 

Proposition 1. FFe consider the following weaker condition than (3)i: 

(3')i TTie point P € X sm zs Galois. 
Then, the three conditions (l)i, (2)i and (3')i are equivalent. 

Especially, if P G -X" S m is Galois, then the birational transformation of X induced by a € Gp(X) 
is a restriction of a projective transformation o/P" +1 . 

Proof. The implications (l)i <^> (2)i and (2)i (3')i are clear from Lemma[3l 

Let us prove the implication (3')i => (l)i by induction on the dimension n. If n = 1, then 
it holds by p~Ql Proposition 5] and the implication of (2)i (l)i in Lemma [3] We assume that 
n > 2 and P is a smooth Galois point. Let H be a general hyperplane given by the equation 
x\ = 02X2 + ■ ■ ■ + a n +\x n+ i, where ai <E K. We put x = 02X2 + • • • + a n+ ix n +i- Then, from 
Theorem [4] Xh '■= X n H satisfies the condition (7k-), and P is a smooth Galois point with 
respect to Xp. Hence, by the assumption of the induction, we have that f\(x, x%, . . . , x n +\) 7^ 0, 
f 2 (x,Xi, . . .,x n+ i)/fi(x,xi, . . - ,x n+ i) G K[x , ■ • ■ ,x n -i] and 

t t~ \ ( d ~ l \tt~ \( f2(x,x 1 ,...,x n+1 ) 

fi +l (x,xi,...,x n+1 ) = . 1/1(2;, xi, . . . ,x n+ i) 



i ) ' \(d-l)fi{x,xi,...,x n+ i) / 
(i = 0, . . . , d — 2), for a general (02, . . . , a„ +1 ). This implies the assertion (l)i. □ 

Corollary 3. Assume that d — 4. Let P = (1 : : • • • : 0) be a smooth point of X . Then, 
P £ A(X) if and only if ft = 3/1/3. 

From Lemma [1] we infer the following remark, which is useful to find smooth Galois points. 
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Remark 2. 

(1) If P € X sm is a Galois point, then TpX n X is a (possibly reducible) cone and P is its 
vertex. 

(2) Let H = H{F) be the Hessian of F. If P € X sm is a Galois point, then H(F)(P) = 0. 
Similar to Proposition [T] we have the following: 

Proposition 2. We consider the following weaker condition than (3)o-' 

(3')o The point P e P n+1 \X is Galois. 
Then, the three conditions (l)o,(2)o and (3')o are equivalent. 

Especially, if P 6 P" +1 \ X is Galois, then the birational transformation of X induced by 
a £ Gp(X) is a restriction of a projective transformation o/P' i+1 . 

Propositions Q] and [2] imply that some methods by Yoshihara [12] for smooth hypersurfaces are 
available also for normal hypersurfaces in our situation. We introduce the following: 

Definition 1. Let P be a Galois point. Then, the set F P := {Q £ ¥ n+1 \a(Q) = Q for any a £ 
Gp(X)} \ {P} is a hyperplane. We call Fp the fixed hyperplane at P. 

Note that Fp is defined by Xq = if the defining polynomial has the form in Lemma [3] (2). 
Now we mention independent Galois points, which is a useful notion to count the number of Galois 
points ([HI Definition 4]). 

Definition 2. A set of Galois points {Pq, . . . ,P r } is said to be independent (or, simply, points 
Po, . . . ,P r are said to be independent) if for any two points Pi and Pj (0 < i,j < r) all the Galois 
points for X lying on the line PiPj are exactly Pi and Pj. 

We have the following lemma also for normal hypersurfaces by copying the proof of [12, Lemma 3]. 

Lemma 4. If Pq, . . . , P r are independent Galois points, then we can choose coordinates (Xq, . . . , X n+ \) 
satisfying Xj(Pi) — Sji (0<i<r,0<j<n+l) and a generator o~i of Gp i (0 < i < r) has 
a representation as diag[£, . . . , £, 1, C, . . . , Q, where 1 is in i-th position and £ = e<j-i (resp. ed). 
Especially we have r < n + 1 . 

3.2. Distribution of Galois points for a cone variety. Firstly, we mention the distribution of 
Galois points for a cone variety. We does not assume the normality of X in this subsection, that 
is, s(X) may be n — 1. Assume that X C P™ +1 is a cone. Then, there exists a linear space Mi 
and M 2 in P n+1 with M x n M 2 = and M^M 2 = P" +1 such that Y := X n M x is an irreducible 
hypersurface and M 2 is the maximal vertex (i.e. M 2 is the vertex with maximal dimension). Let 
n — a be the dimension of M 2 (with < n — a < n — 2). Then, we may assume that Mi is 
defined by X a+ i = ■ ■ ■ = X n+i = 0, M 2 is defined by A = • • • = X a = and X is defined by 
F(X o ,...,X a ) = 0. 

Lemma 5. Let P £ M x and Q G (P$M 2 )\M 2 . Then, P is Galois for X if and only if Q is Galois 
forX. 
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Proof. By direct computations, 7rp and ttq induce the same function field extension. □ 

Lemma 6. Let P £ M\. Then, P is Galois for Y if and only if P is Galois for X . 

Proof. By taking suitable coordinates, we may assume that P = (1 : : • • • : 0), and ttp : 
X — » F n is given by (X : X x : ■ ■ ■ : X n+1 ) h-> (X t : ■ ■ ■ : X n+1 ). Let (x , x 2 , . . . , x n+1 ) = 
(Xo/Xi, X 2 /Xi, . . . ,X n+ i/Xi) be a system of affine coordinates. We have K (P° _1 ) = k(x 2 , . . . ,x a ) 
K(P n ) = K(¥ a - 1 )(x a+1 ,...,x n+1 ), K(X) = K(P n )(x \ x ) and K(Y) = ^(P"- 1 )^). Let 
Px(x) and py(x) be minimal polynomials of xq\x over K(P n ) and of xq\y over K(P a ~ 1 ), respec- 
tively. Since X and Y are given by the same equation F(Xq, . . . ,X a ) — 0, we see that px(%) = 
Py (x) . Let Lx and Ly be splitting fields for px (x) and py (x) , respectively. Then, by [U Theo- 
rem 29], we have that Gal(Lx /K(¥ n )) is isomorphic to the subgroup of Gal(Ly/i4T(P a ~ 1 )) having 
L Y nK(P n ) as its fixed field. Here, we note that L Y nK(P n ) = i^(P a " 1 ), since x a+1 , x n+1 are 
transcendental over K (P a_1 ). Namely, we have that Gal(Lx /K(P n )) is isomorphic to Gal(Ly/Jf(P a 
Especially, we have [L x ■ K(P n )} = [L Y ■ -^(P " 1 )]. Hence, note that [K(X) : K{P n )\ = [K(Y) : 
X(P Q - 1 )], we conclude that K(X)/K(P n ) is Galois if and only if K(Y)/K(P a - v ) is Galois. □ 

It follows from Lemmas [5] and [6] that we have the following: 

Proposition 3. Let X be a cone described as above. Then, 

A(X) = (A(y)(tM 2 ) \ M 2 and A'(X) = (A'(r)ftM 2 ) \ M 2 . 

In particular, if X is a cone, then A(X) and A'(X) are empty or infinite respectively. 

Using this proposition, Theorem [3] will be proved by Propositions[4j[5]and[6]which wm ^ e proved 
in the next subsection. 

3.3. Inner Galois points. In this subsection, we consider only Galois points contained in X sm . 

Lemma 7. If I be a line lying on X , then the number of Galois points for X on I is zero, one, 
two or infinitely many. The last case occurs only if X is a cone. 

Proof. Suppose that there exist three Galois points Pi, P 2 and P3 for X on Then, from Propo- 
sition [TJ we may assume P\ = (1 : : • • • : 0) and X is given by the equation 

X\Xq 1 + G(X\, . . . , X n+ i) = 0. 

Since I is contained in the tangent space at P\, we may assume that I is given by the equation 
X\ = X3 = • • • = X n +i = 0. The Gauss map 7 is given by 

{{d - l)^^ 2 : Xfi- 1 + dG/dX l : dG/dX 2 : • ■ ■ : dG/dX n+1 ). 

Here, we consider the restriction of 7 to which is given by 

(0 : X^ 1 + aiX^ 1 : da 2 X%~ 1 : a^X^' 1 : • • • : an+iX^ 1 ) 

where ai £ K is the coefficient of XiX^ 1 in G. Assume that the restriction j\i is not a constant 
map, i.e., there exists a non-zero coefficient for some i = 0, . . . , n — 1. Then, the map 7I; : I — > 
7|;(|) = P 1 is a finite morphism of degree d—1. It is clear that the Galois point Pi is a ramification 
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point of So, other Galois point P2 and P3 must be also ramification points. However, the 
number of ramification points of j\i must be two, this is a contradiction. So we have that j\i is a 
constant map. Especially, we have that Tp 1 X = Tp 2 X = Tp 3 X. 

By Remark [2 Yp 1 X C\ X is a cone and Pi, P2 and P3 are its vertexes. We put that P2 = (a : 
: 1 : : • • • : 0), P 3 = (6 : : 1 : : • • • : 0) (a, b e K) and assume that a ^ 0. Then, calculating 
the local equation of fp-yX at P2, we see that G(0, 1, X3, . . . , X n+ i) is a homogeneous polynomial 
of degree d. Hence, we may assume that X is given by the equation 

X\X 1 + X2{GqX2 1 + G1X2 2 + ■ ■ ■ + Gd-iX-i) + Gd = 0, 

where Gi — Gi(X 0} X\, X3, . . . , X n+1 ) (i = 0, 1, • • • , d— 2, d) is a homogeneous polynomial of degree 
i. Examining the condition (l)i of Lemma [3] at P2, we obtain that Go = G\ = ■ ■ ■ = Gd-i = 0. 
Namely, X is given by the equation 

X\Xq 1 + Gd(XQ, X\, X3, . . . , X n+ i) = 0, 

and X is a cone with the vertex O = (0 : : 1 : : • • • : 0). □ 

Lemma 8. Assume that d>5. If I is a line which does not lie on X, then the number of Galois 
points for X on I is at most one. 

Proof. Suppose that there exist two Galois points for X on the line I. Then, we denote them by 
P and P'. From Proposition [TJ we may assume that P = (1 : : • • • : 0) and X is given by the 
equation F = XiXq^ 1 + G(X\, . . . , X n+ i). Note that if P' € X is on the hyperplane Xq = 0, then 
P G TpiX. So, we infer from Remark [2] that P' is not on the hyperplane Xq — 0. Hence, we may 
assume that P' = (1 : 1 : • • • : 0) and / is given by the equations X2 = ■ ■ ■ = X n+ i = 0. Then, 
the local equation of X at P' is the following: 

(w + if- 1 + G{l,u 2l . . . ,u n+1 ) = 0, 

where (w, U2, ■ ■ ■ , Wn+i) = (Xq/Xi — 1, X2/X1, . . . , X n+ i/Xi) is a system of local coordinates. 
Putting G(l, u 2 , ■ ■ ■ , u„+i) = Y,i=o 9h where gi = 9i{u 2 , ■ ■ ■ , u n+ \) (i = 0, 1, • • • , d) is a homoge- 
neous polynomial of degree i. Examining Condition (l)i in Lemma we obtain that 

(d-l)((d-l)w + 9l )J 

Comparing the coefficients of w 3 of both sides, then we have a contradiction, if d > 5. □ 
Proposition 4. If d>b and A(JT) is infinite, then X is a cone. 

Proof. Suppose that A(X) is an infinite set. Then, we infer from Lemma 2] that there exist three 
smooth Galois points Pi, P2, P3 which are collinear. By Lemma the line I passing through Pi, 
P2, P3 is contained in X. So, from LemmaO X is a cone. □ 

On the other hand, if d > 5, and if A(JT) is finite and non-empty, then the set A(X) is 
independent by Proposition [3] and Lemmas [7] and [5J Theorem 1 (II) is derived from the following 
lemma which is a generalization of |12l Lemma 4] : 



w + .93 



{(d-l)w + gi ) 
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Lemma 9. Let m = [(n + s + l)/2]. The cardinality of a set of independent inner Galois points 
is at most m + 1 . The equality holds if and only if X is projectively equivalent to the hypersurface 
defined by 

Xm+lXg 1 + • • • + X2 m - 8 X m _ 1 s _j + Am-sl'^ij + • • • + An^m 1 + G = 

where A m - S , ■ ■ ■ , A m , G € K[X m +i, . . . , X n +i] are homogeneous polynomials with deg+ m - s = 
• • • = dcg A m = 1 and deg G = d. (Note that the polynomial A m - s X m ~_} s + • • • + A m X m ~ x does not 
appear if s = — 1 .) 

Proof. Let Po, . . . , P r form a set of independent inner Galois points. Suppose that r > m+1. Then 
take a system of coordinates (Xq, . . . , X n+ i) satisfying that Xj(Pi) = Sji, where < i < m + 1 and 
< j < n + 1. By Lemma IU we can assume that <7j is a diagonal matrix diag[£, 1, £], 

where £ = e<i-i- Since F a — \iF for A, G K \ 0, we infer that F has the expression as 

F = AoXq 1 + • • ■ + A m +iX m _^ 1 + G, 

where Ai and G are forms in K[X m+ 2, ■ ■ ■ , X n+ i], and degAi — 1 and degG = d. Let t := 
dim(ylo, . . . , A m+ i) — 1. Then, 0<t<n — m— 1 < m. We may assume that Aq, . . . , A t be 
a basis of the above vector space and Aq = X m+ 2, ■ ■ ■ ,A t = X m+t +2- Then, A t +\, . . . , A m+ i 
are represented by linear combinations of X m+ 2, ■ ■ ■ , X m+t +2- We consider the locus T which is 
defined by X m+ 2 = ■ ■ ■ = X m+t +2 = qx F +2 = • • • = qx F +1 = We find easily that the locus T is 
contained in the singular locus of X. The dimension of T is at least (n+ 1) — (t + l + n — m) = m — t. 
Now, m — t > 2m — n + I > s + 1. This is a contradiction. 

Now assume that r = m. Similar to the above discussion, F has the expression as 

F = Ao-^o 1 + ' ' ' + A m X m 1 + G, 

where Ai and G are forms in K[X m+ i, . . . , X n +i], and degv^ = 1 and degG = d. Let t = 
dim(j4o, . . . , A m ) — 1. Then, < t < max{n — m, m}. We may assume that Aq, . .. , A t be a basis of 
the above vector space and Ao — X m+ i, . . . ,A t — X m+t +i- We consider the locus T which is defined 
by X m+ i = ■ ■ ■ = X m+t +\ = qx F +1 = ■ ■ ■ = ax F +1 = 0- We find easily that the locus T is contained 
in the singular locus of X. The dimension of T is at least (n+1) — (t+l + n — m+1) =m — t—l. 
Therefore, s > m — t — 1. We have t > m — s — 1. Then, we have the assertion. □ 

Now, we consider the case where d = 4. 

Lemma 10. Assume that d = 4. Let Pel be a Galois point, a a generator of Gp. 

(1) // a smooth point Q on X \ TpX is Galois then o~(Q) ^ Q. 

(2) Let Pi :— P, P2, P3, Pi be distinct points in A(X). Further, we assume that these points are 
collinear and the line I passing through these points is not contained in X . Then, by taking a 
suitable projective transformation, we can express X as XiXq +Xf+H(X2, ■ ■ ■ , X n+ i) = 0, 
where H(X2, ■ ■ ■ , X n+ i) is a homogeneous polynomial of degree four. 

(3) Assume the same assumptions in (2) and that X is not a cone. Then, we have that 
A(X)\T P X = {P 2 ,P 3 ,P 4 }. 
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Proof. Let us prove the assertion (1). Suppose that a iff) = Q. By the assumtion, the line PQ (jt X. 
Therefore, P and Q are independent Galois points. By Proposition [TJ we may assume that P = 
(1 : : • ■ • : 0) and Q = (0 : 1 : : • • ■ : 0), and X is given by A X$ + A X X^ + G(Xx, . . . ,X n+1 ) = 
where Aq,A x G K\X 2 , . . . ,X n +i]- The tangent space at P is defined by Ao — and Aq(Q) = 0. 
This contradicts the assumption. 

Let us prove the assertion (2). By Proposition [TJ we may assume that Pi = (1 : : • • • : 0), 
X is given by the equation X x Xq + G(X X , . . . ,X n+x ) = 0. The point P 2 is not contained in 
T Pl X nor Fp. Therefore, we may assume that P 2 = (a : 1 : : • • • : 0) and I is given by the 
equations X 2 = ■■■ = X n+1 = 0. Let G(X X , X n+1 ) = G Xf + G x Xf + G 2 X\ + G 3 X 1 + G 4 
where Gi = Gi(X 2 , ■ ■ . , X n+ i) is a homogeneous polynomial of degree i and Go = —a 3 . Let 
w := X /Xi - a, u 2 := X 2 /X ll u n+1 := X n+1 /X x . Then, 

F(w + a, 1, u 2) . . . , u n+ i) = (w + a) 3 + (-a) 3 + Gi + G 2 + G 3 + G 4 = 0. 

By applying Corollary [3] at P 2 , we have 

(3a 2 + G 2 ) 2 = 3(3a 2 w + Gi)(w 3 + G 3 ) 

as a polynomial. This implies that Gi = G 2 = G3 = and hence, the assertion. 

Let us prove the assertion (3). By the assertion in (2), we may assume that P\ = (1 : : • • • : 0), 
X is given by X x Xq + Xf + H(X 2 , . . . , X n+1 ) — 0, and I is given by the equations X 2 = ■ ■ ■ = 
X n +i = 0. Suppose that there exists another point Q in A(X) \ Tp ± X. By taking a suitable 
projective transformation, we may assume that Q = (a : 1 : 1 : : • • • : 0). We put that 

H(X 2 , . . . , X n+ i) = H X 2 + H X X 2 + H 2 X 2 + H 3 X 2 + H4, 

where Hi — Hi(X 3 , . . . , X n+ i) is a homogeneous polynomial of degree i, and Hq = —a 3 — 1. Let 
wo := X Q /X 2 - a, w x := X x /X 2 - 1, u 3 = X 3 /X 2 , . . . , u n+x := X n+X /X 2 . Then, 

F(w + a,w x + l,l,u 3 ,.. .,u n+x ) = {w 1 + l){w +a) 3 + {w x + l) 4 + {-a 3 -l) + H 1 +H 2 +H 3 +H 4 = 0. 

By applying Corollary [3] at P 2 , we have 

{a 3 w x + 3a 2 w + 4w x + H x )(3awlw x + w% + 4w? + H 3 ) = 3(3a 2 w wi + 3au> 2 + 6wj + H 2 ) 2 

as a polynomial. This implies that Hi = H 2 = H 3 = and a 3 = —1. Therefore, F — X x Xq + 
Xf + H4 with H4 £ K[X 3 , . . . , X n +i] and X is a cone. □ 

Proposition 5. If d — 4 and A(X) is infinite, then X is a cone. 

Proof. Assume that X is not a cone. It follows from Lemma [7] that if a line / contains three Galois 
points, then I gt X. Let P E A(X). Then, we have A(X) \ ¥ P C A(X) \ T P X, because the line 
~PQ contains four Galois points if Q G A(X) \ ¥ P . It follows from Lemma H01 (3) that A(X) \ ¥ P 
is a finite set. 

Let P x be a point in A(X). Since A(X) \ ¥ Pl is finite, we can take a point P 2 in A(X) n ¥ Pl . 
Then, we infer that the set A(X) \ (¥ Pl nFp 2 ) = (A(X) \ ¥ Pl ) U (A(X) \ Fp 2 ) is finite and the 
set A(X) n (¥ Pl n Fp 2 ) is infinite. Hence, we can take a point P 3 in A(X) n (¥ Pl n Fp 2 ). In this 
way, we can take infinitely many points P x , P 2 , . . . such that G A(X) n (Fp x D •• • fl Fp^J. 



GALOIS POINTS FOR A NORMAL HYPERSURFACE 



13 



Note that dim(F Pl n • • • H F P J = dim(F Pl n • • • n F P _J - 1, because P l <£ F Pi . We have that 
F Pl n • ■ ■ (~l F Pn+2 = 0, thus we have a contradiction. □ 

Now we consider the case where A(X) is finite and non-empty. Then, X is not a cone by 
Proposition [3] in Subsection 3.2. Below in this subsection, we define 

r = r(X) := max ${Po, . . . , Pb ■ independent Galois points on X} — 1 

and let Pq, . . . , P r form a set of independent Galois points. (Then, r < m and r < m is possible.) 
We also define 

fi := : line \l contains four Galois points } — 1. 
We have that — 1 < /i < r by the following Lemma: 

Lemma 11. Let P$, . . . ,P r be independent Galois points and let Q £ X be a Galois point distinct 
from Pq, . . . , P r . Assume that X is not a cone. Then, 



(1) There exists i such that ^(PiQ n A(X)) = 4. 

(2) If l\, li are lines such that Q G h and )j(Zj n A(A)) ~ 4 for i = 1, 2, then l\ = li. 



Proof. Assume that the line PiQ consists exactly two Galois points for any i. Then, Pq, . . . , P r , Q 
are independent Galois points. This contradicts the assumption on r. We have (1). The assertion 
in (2) is derived from Lemma ITD1 (3). □ 

Let Pq, . . . , be Galois points with lines Zo, . . . , where Pi £ k and U contains four Galois 
points. Using Corollary^ Lemmas ITD1 and [TT1 for a suitable coordinate, we find that X is defined 
by 

X^+iXq H h X 2fJ .+iX^ + X^ +1 H h X^ +1 + G = 

where G £ K[X2fj,+2, ■ ■ ■ , X n+ i] (cf. [HI p. 532]). Then, by direct computations, the singular 
locus is contained in a linear space defined by X = ■ ■ ■ = X 2 ^+i = 0. This implies that s > 
(n + 1) — (2/i + 2) and hence fj, < (n + s + l)/2 — s — 1. Therefore, we have the following: 

Lemma 12. n < m — s — 1. 

Proof of Theorem 1 (I-0)-(T4). (0) Now, the number of inner Galois points is 4(ju + 1) + (r — fi). 
Note that fi < r < m and \i < m — s — 1, by Lemmas [9l and [T2l Therefore, we have an upper 
bound 4(m — s) + (s + 1). 

(1) We consider the case where n + s is odd. Then, 2m — s = n + 1. 

(1-1) Assume that ji = m — s— 1. Then, X is projectively equivalent to the hypersurface defined 

by 

X m - s Xl H h X 2m -2s-iXf n _ s _ 1 + X^_ s + h X 2 l m _ 2s _ 1 + G = 

where G € K[X2 m -2s, ■ ■ ■ , X n+ {\. By direct computations, the singular locus of X is defined by 

x -x dG dG -o 

CA2m-2s CA„ + i 

We have 

dG _ dG 

dX 2m -2s dX n+1 
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as a polynomial by counting the dimension of the singularity (and that A is not a cone). Then, 
G = as a polynomial. This implies s = — 1. 

(1-2) Assume that s > 0, \i = m — s — 2 and r — m. Then, A is projectively equivalent to the 
hypersurface defined by 

X m +lXQ + • • ■ + X2rn-s-lXf n _ s _ 2 + A m _ s _iA m _ s _ 1 + ■ • • + A m A^ 
+X m+ i + ■ ■ ■ + ^2ro-s-l + G = 

where A m — s -i, . . . , A m , G £ K[X2m—s]- Therefore, we may assume that 4 ra _ s -i = • • • = A m = 
X 2m -s and G = aX 4 where a = or 1. Then, tfA(A) = 4(/i+l) + (m-/x) = 4(m-s-l) + (s+2) = 
4(m - s) + (s - 2). 

(2) We consider the case where n + s is even. 

(2-1) Assume that fj, = m — s — 1. Then X is projectively equivalent to the hypersurface defined 

by 

A to _ s Aq + • ■ • + X2 m -2s-iX^ n _ s _ 1 + X^ n _ s + • • ■ + A|„ i _ 2s _ 1 + G = 

where G G Ar[A 2m _ 2s , ■ ■ ■ , X n+ i\. Assume that r > /i + 1. Then, s > and we can take 
G = A 2m _ 2s+ iAf m _ 2;5 + G where G G A[A 2m _ 2s+ i, ■ ■ ■ ,X n+1 }. The singular locus is defined by 

Xq = ■ ■ ■ = A 2m _ 2s _i = A 2m _ 2s A 2m _ 2s+ i 
= X 3 + dGo - ^Gq = dGp = Q 

2m 2s dX2m~2s+l <9A 2m -2s+2 <5A2 m -2s+l 

Then, by counting the dimension of the singularity of A, we should have Go = as a polynomial 
and hence, s = and r = fi + 1 = m. Then, f|A(A) = 4m + 1. On the other hand, if s / 0, then 
r = fi and JJA(A) = 4(m — s). Then, by counting the dimension of the singularity of A, G should 
have a multiple component. 

Using the result in (1-1), we find that the bound 4(m— s) + (s + l) is sharp if and only if s = — 1, 
or s — and n is even. 

(2-2) Assume that s > 1, fj, = m — s — 2 and r = m. Then, A is projectively equivalent to the 
hypersurface defined by 

A m +iAQ + • • • + A2 m -s-iA 3 l _ s _ 2 + A m - s -iX m _ s _i + • • • + 4 m lj5, 
+^m+i + • • • + A| m _ s _ 1 + G = 

where ■••A,G6 A[A 2m _ s , A n+1 ] . Then, t)A(A) = 4(jt + 1) + (m - A*) = 4(m - a - 1) + 

(s + 2) = 4(m — s) + (s — 2). There exist examples of hypersurfaces such that s > 1, fi = m — s — 2 
and r = m, as in Example [1] below. □ 

Wc define t :— n — dimP| 0<i<r , Tp^A. We consider examples when n + s is even. 

Example 1. Let s > 1 and n + s is even, 
(i) A hypersurface in P n+1 defined by 

A m +iAQ + • • • + A 2m - s A 3 i _ s _ 1 + X2m-s+lXf n _ s + A2 m - s (A^ l _ s+1 + • • • + A^) 

satisfies that dim Sing(A) = s, r — m, t = m — s and /i = m — s — 2. 
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(ii) A hypersurface in P" +1 defined by 

X„i + iXq + ■ ■ ■ + X2 m -sX m _ s _ 1 + X2m-s(X m _ s + ■ ■ ■ + Xf n ) 
+^m+l + ' ' ' + ^2m-8-l + ^2ra-s+l = ^ 

satisfies that dim Sing(X) = s, r = m, t = m — s — 1 and fi = m — s — 2. 
3.4. Outer Galois points. 

Lemma 13. Let I C P™ +1 be a line. Then, the cardinality of the set A' (A) D I is zero, one, two 
or infinity. The last case occurs only if X is a cone. 

Proof. Let Pi,P2,P3 € A'(X) n I be distinct three outer Galois points and let a 6 Gp 1 be a 
generator. From Proposition [21 we may assume that Pi = (1 : : • ■ ■ : 0), X is defined by the 
equation 

Xl + G{X 1 ,... 1 X n+l ) = 0, 

where G{X\, . . . , X n+ i) is a homogeneous polynomial of degree d, and a — diag[ed, ■ ■ ■ , e<j, 1]. 
Further, we may assume that I is defined by X^ = ■ ■ ■ = X n+ i = 0. Note that lD¥p 1 consists only 
one point. Therefore, Pi or P3 is not contained in ¥p 1 at P\. We may assume that P2 is so and 
P2 = (1 : 1 : : • • • : 0), since ¥p 1 is given by Xo = 0. Then, the local equation of X at Pi is the 
following: 

{w + l) d + G(l,u 2 ,...,u n+1 ), 

where (w, 112, ■ . ■ , u n +i) = (Xq/Xj — 1, X2/X1, . . . , X n+ i/Xi) is a system of local coordinates. We 
put that G(l, ui, . . . , u n+ i) = Yli=a 9ii where gi = giiui, . . . , u n +i) is a homogeneous polynomial 
of degree i. Examining the condition (l)o in Lemma |3l we obtain that 

fd\ ( (dw + 9l y a . 

Calculating the coefficients of w and w 2 in the equation where i = 2, we see that go = and g\ = 0. 
Hence, we see that go = ■ ■ ■ = ga-i = 0. Thus, we conclude that X is defined by the following: 

Xq + gd(Xi, . . . , X n+ i) = 0, 

and X is a cone with a vertex Q = (0 : 1 : : • • • : 0). □ 

Proposition 6. If A'(X) is infinite, then X is a cone. 

Proof. Assume that A' (A) is infinite. Then, by lemma 01 there exists three outer Galois points 
which are collinear. By Lemma [131 we have that A is a cone. □ 

Lemma 14. The cardinality of a set of independent outer Galois points is at most n — s + 1. The 
equality holds if and only if X is protectively equivalent to the hypersurface defined by 

A o d + ..- + A r t. s =0. 

Therefore, X is smooth or a cone. 
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Furthermore, if s > and X is not a cone, then the cardinality of a set of independent outer 
Galois points is at most n — s. Then, the equality holds if and only if X is projective equivalent to 
the hypersurface defined by 

X* + --- + X? l _ s _ 1 +G = 
where G 6 K[X n - Sl . . . ,X n+ {\ has a multiple component. 

Proof. Let Po,...,P r arc independent outer Galois points. Then take a system of coordinates 
(Xq, . . . , X n+ i) satisfying that Xj(Pi) — Sji, where < i < m + 1 and < j < n + 1. By Lemma 
IH we can assume that Oi is a diagonal matrix diag[£, 1, £], where C = c-d-i- Since 

F" = XiF for Xi 6 K \ 0, we infer that F has the expression as 

F = X$ + h if + G, 

where G £ K[X r+1 , . . . , A„ +1 ]. Then, the singular locus is defined by 

Xv _ =Xr= dG dG _ Q 

dX r+ i dX n+ \ 

Therefore, s < n + 1 — (r + 1). The equality holds if and only if G = as a polynomial, hence X 
is smooth or a cone. 

Assume that s > and X is not a cone. Then, r < n, there exists j with r + 1 < j < n + 1 such 
that Jjj- 7^ as a polynomial, and hence s < n + I — (r + 2). The equality holds if and only if G 
has a multiple component. □ 

Proof of Theorem^ Assume that A'(A) is finite and non-empty. Then, X is not a cone by 
Proposition [3] in Subsection 3.2, and the set A'(X) is independent by Lemma [T3l Therefore, we 
have the conclusion by Lemma [TU □ 

4. Galois points for a Fermat hypersurface of degree p e + 1 in p > 

Let p > and q > 3 be a power of p. We consider the Fermat hypersurface F n (q + 1) C P n+1 
of degree q + 1: 

(1) A^+A^ + .-.+X^O. 

Firstly, we prove the "if" part of Theorem [H Homma gave an elegant proof if n = 1 by using 
automorphisms of Hermitian curve (0 Claims 1 and 2]). We give an elementary proof. 

Proposition 7. If P £ P n+1 is F ' q i -rational, then P is Galois for F n (q + 1). 

Proof. Let P = (1 : ax : • • • : a rl +i) and 7rp = (Ai — aiAo : • • • : A„ + i — a Il+ iAo) be the projection 
from P. Then, we have a field extension K(xq, . . . , x n ) / K{x\, . . . , x n ) with f(xo, ■ ■ ■ , x„) = (1 + 

a\ +1 H h a' +1 + a*+!)a:o + + (afxi H h a q n x n + a q n+l )xl + (aix\ H h a n x^ + a n+ i)x + 

{x\ +1 + --- + xl+ l + !) = {). 

If P £ X and P is F g 2 -rational, then f(xo, . . . , x n ) = {a\ x\ + H a^x n + a^ +1 )a;Q + {a\x\ + 

• • • + a^a; n + a^ +1 ) 9 a;o + {x\ +1 + • • • + + 1) = 0. It is not difficult to check that the extension 
is Galois. 
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We assume that P 6 P n+1 \ X and P is F g 2 -rational. Let 0(x%, . . . , x n ) = (a\x\ + ■ ■ ■ + a^x n + 
a n+i)/(l + a \ +1 + • • ■ + + ffln+i) an( i — xq + (3. Then, we have = f(x Q ,xi, . . . , x n ) = 
f(xo—/3, xx,...,x n ) = (l + a\ +1 + ■ ■ -+a* +1 + a^} 1 )x q+1 +g(x%, ...,x n ). Therefore, our extension 
is cyclic. □ 

Next, we prove the "only-if" part. We will use the result of Homma [5J Claim 3] with n = 1, 
because we will use induction on the dimension n. 

Proposition 8. If P £ P n+1 is a Galois point for F n (q + 1), then P is ¥ q 2-rational. 

Proof. Let P = (1 : a± : ■ • ■ : a n+ \). We may assume that io is an integer such that ai ^ and 
1 + a q+1 ^ if and only if i < io- Note that Oj € F ? 2 for any i > io because Oi = or 1 + af +1 = 0. 
Let 1 < i < io and let Hi be a hyperplane defined by Xi — aiX®. Then, X n H i is defined by 

(1 + af +1 )^ +1 + ■ • • + X?_ + i + + ' ' ' + = 0- 

We take a linear transformation <fri on P^ = P" defined as follows: (1 : X\ : • • • : : 

_L „9+l ..... ^. / 9+1/1 i . ^. / 9+1/1 7 . . . . . 



Xi+i : •■• : Sn+i) -* (1 : a*/ ,+ \/ 1 + af +1 : ••• : x^/^l + a^ 1 : x i+1 / «+<(/ 1 + a,' 



z n +i/ g+ y 1 + a? +1 ). Then n P s ) is the Fermat hypersurface in P, = P". Note that H l 

satisfies the condition (*) in Theorem 2J 

We will prove the assertion by induction on the dimension n. If n = 1, then the assertion holds 
by a result of Homma [5]. We assume that n > 2 and P is a Galois point. It follows from Theorem 
|4] (ii) that P is also Galois for X CiHi. By the assumption of the induction, cj>i(P) is a F ? 2 -rational 
point. Now we have 



MP) = (1 : ax/ q+ {Jl + al +1 : • • • : a n+1 / ^l + a q+1 ). 



Therefore, (aj/ 9+ y 1 + a q+1 ) q 1 = 1 for any i ^ j with 1 < i, j < io- By direct computations, we 
have ai € ¥ q 2 for any i. □ 

5. Examples 

We give examples of hypersurfaces which have infinitely many Galois points and are not cones, 
in p > 0. 

Example 2. Let X C P 3 be a hypersurface defined by 

F = ZW P - - Y p+1 = 0. 

Let P = (0 : : 1 : 0), Q = (1 : : : 0) and let L be a line defined by Y = W = 0. Then, we have 
the followings: 

(i) Sing(X) = {P}. 

(ii) X is not a cone. 

(iii) L\{P,Q} cA(X). 



GALOIS POINTS FOR A NORMAL HYPERSURFACE 



18 



Proof. Note that X is the closure of the image of a morphism 

4> : A 2 -» P 3 ; (x, y)^{x:y:x p + y p+1 : 1). 

The Gauss map 7 is given by 

{dF/dX : dF/dY : dF/dZ : dF/dW) = (0 : -Y p : W p : ~X P ). 

We have (i) by the form of the Gauss map. We also have (ii) because 7 is generically finite by that 
7 o </> = (0 : -y p : 1 : -x p ). Now, we prove (iii). Let R = (1 : : a : 0) and ir R = (Z - aX : Y : W) 
be the projection. Then, we have the field extension K(x,y, z)/K(y, z) with 

x p -ax-z + y p+1 = 0. 

Therefore, this extension is Galois if a ^ 0. □ 

Example 3. Let X C P 3 be a hypersurface defined by 

F = ZW p2 - x - X p W p2 ~ p - Y p2 = 0. 

Let Li be a line Y — W = 0, L 2 be a line Z = W = and H be a plane defined by W — 0. Then, 
we have the followings: 

(i) Smg(X)=L 1 . 

(ii) X is not a cone. 

(iii) ff\(L 1 Ul 2 )cA'(J). 

Proof. Note that X is the closure of the image of a morphism 

4> : A 2 -> P 3 ; (x, y) i-> (x : y : x p + y p2 : 1). 

The Gauss map 7 is given by 

(dF/dX : dF/dY : dF/dZ : dF/dW) = (0:0: W^' 1 : -ZW p2 - 2 ). 

We have (i) by the form of the Gauss map. Now, we have 

7o0(x,y) = (0:0:1: -x p -y p2 ). 

Therefore, the general fiber of the Gauss map is an irreducible curve defined by x + y p = c 
(for a suitable constant c). Then, we have (ii). We prove (iii). Let R — (1 : a : b : 0) and 
717? = (Z— aX : Y — bX : W) be the projection. Then, we have the field extension K (x, y, z)/K(y, z) 
with 

b p2 x p2 +x p -ax + z- y p+1 = 0. 
Therefore, this extension is Galois if b ^ 0. □ 
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